PHUONG TRINH TRINH NGHIEM
NGUYEN CHUA AN O SO MU

Pham Quang Toan *

Ngay 18 thang 2 nam 2014

Tém tat noi dung
Chtic ming sinh nhat lan thi 10 cia Dién dan Todn hoc VMF (16/1/2003-
16/1/2013).
Hién nay, c6 nhiéu dé thi toan quoc gia, qubc té c6 xuat hien dang phuong trinh
nghiém nguyén cé chita an ¢ sé mil. Bai viét nay xin giéi thieu mot sé dinh huéng
trong viéc gidi cac bai toan dang nay.

1 Maét sb kién thirc va ki hiéu

Truée khi doc bai vién, moi ngudi nén biét mot s6 kién thitc nhu bo dé LTE (xem & [4]
va [3]) hay kién thic vé cip (xem & [4]).

Ki hiéu b|a hiéu 14 a chia hét cho b, con néu b khong chia hét cho a thi ta viét a { b.

Ki higu p® || b hidu 1a p®|b nhung p?** { b v6i p nguyen t6. Lic d6 ta ki hieu v,(b) = a. Vi
du nhu v,(36) = 2.

Ki hiéu ged(a, b) hiéu 1a udc chung 16n nhat clia a va b.

a”ae

2 S dung dong du trong giai phuang trinh nghiém nguyén

Ki thuat dau tién, ta sé sit dung dong du dé giai cac bai toan phuong trinh nghiem nguyén
c6 chita an & s6 mii. Vé cac tinh chét co ban cia dong du, xin khong nhéc lai, ban doc ¢
the tim thém trong cac tai lieu Iy thuyét sé khac. Ta hay bt dau bang vi du sau:

Vi du 1. Tim nghiém nguyén tu nhién cia phuong trinh |3* — 2Y| = 1. JAN

LOr1 GIAL
Ta sé di giai hai phuong trinh 3% —2¥ =1 va 2¥ — 3* = 1.

3 — =1 (1)
Gidi (1).
e Néu y = 0 thi 3% = 2, mau thun.

e Néuy=1thiz=1.

*9C, THCS Dang Thai Mai, Tp Vinh, Nghé An.
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e Néu y > 2 thi 4/2¥ nén 3° =1 (mod 4), suy ra x = 2z; (r; € N*). Khi d6
(1) & (3% — 1) (3% + 1) = 2V,

bat 3 —1 = 2" 3" 4+ 1 = 2" v6i m,n € N* m < n,m +n = y thi ta co
2 —2m =2m (2" — 1) =2 Tudaytacom=1,n=2nény =3,z = 2.
2 — 3% =1 2)
Gidi (2). Néu z =0 thiy = 1.
Néu x > 1. Nhan thay 2¥ =1 (mod 3) suy ra y = 2y; (y; € N*). Khi d6
2)e 2 —-1)2" +1) = 3"

Vi 291 —1, 29 +1 khong cting chia hét cho 3 ma 2¥' —1 < 2¥1+1nén 2% —1 = 1,2¥1+1 = 3%,
Tasuyray =2,z =1.
Vay phuong trinh ¢6 nghiém nguyén duong (x,y) = (0,1),(1,1),(2,3),(1,2). |

NHAN XET. C6 thé phat biéu mot cach khac cho bai toan trén: Tim s6 nguyén duong N
sao cho N — 1, N, N + 1 déu la lfiy thita ctia mot s6 nguyen to.

Vi du 2. Tim nghiém nguyén duong cua phuong trinh

3% 4+ 4¥ =5 (3)

LOr1 GIAL
V6i z,y € N* nén 3|3* va 4Y = 1 (mod 3). Do d6 5* = 1 (mod 3) suy ra z chan. Dat
z = 2z (21 € N*). Phuong trinh tuong duong véi

(3) & (5% — 2¢) (5% 4 2¢) = 37

Vi (5% +2Y) — (5% —2¥) = 2v*+! nén 5% — 2Y 5% + 2¢ khong thé cuing chia hét cho 3.
Két hgp véi dieu kien 55 — 2¥ < 5 + 2¥ nén tit phuong trinh ta suy ra 5 — 2Y = 1 va
571 +2¥ = 3%, Tt d6 dan dén |37 — 2vT! =1 ‘ Theo vi du ban dau nén ta cé v = 2,y = 2.
Ta tim duge z = 2. Vay (z,y, 2) = (2,2,2). [ |

NHAN XET. Qua hai bai toan trén, ta c6 thé thiy viec dua ra nhan xét cac tinh chat dong
du da duwa phuong trinh ban dau thanh phuong trinh c¢6 vé phai 1a tich cac s6 nguyén
duong, vé trai la lity thita mot s6. Tt d6 tiép tuc dat cac thita s6 trong tich dé dua vé céc
dang phuong trinh mii don gidn hon. Cu thé 1a § vi du trén, ta da dua viec giai phuong
trinh nghiém nguyén 3% 4+ 4Y = 5° vé giai phuong trinh nghiém nguyén 3% — 2¥™! = 1.

Vi du 3 (Junior Balkan MO 2009). Gidi phuong trinh nghiém nguyén khong am

203" +9 = ¢? (4)
A
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LOr GIAL

Néu b =0 thi (4) & 2%+ 9 = ¢ T day ta suy ra 2° = 1 (mod 3) nén a = 2a; (a; € N).
Do d6 ta thu dugc (¢ — 2%) (¢ +2%) = 9. Vi ¢ — 29, ¢+ 2% khong cung chia hét cho 3 va
0<c—2" <c+2"nénc—2" =1,c+2% =9. Tu do ta tim duge ¢ = 5,a = 4. Truong
hop nay ta thu duge (a,b,c) = (4,5,0).

Néu b > 1, v6i b = 1 ta c6 3 || VT nén khong thé 14 s6 chinh phuong, mau thuan.
Do d6 b > 2 nén 3|c. Dat ¢ = 3¢; (¢p € N). Khi d6

(4) & (c1 — 1) (c1 +1) = 27372
Vi ¢; — 1,¢; + 1 khong cuing chia hét cho 3 nén ta c6 hai trudng hop:

1. Néuc, —1=2"3"2 ¢ +1=2"v6i m,n € Nym+n = a. Tiday ra suy ram > n
Vi 27 > 2n3b=2 5 9nth=2 > 9n Khi d6

2m — 23072 =2 (5)

Néu m =n =0 thi 1 — 32 = 2, mau thuan. Vay mn > 1.
Nhan thay 2 || 2™ — 2732 nén n = 1. Vay (5) < [2™ ' —3"2 = 1| Theo vi du

ban dau ta tinh dude m = 3,b = 3 suy ra a = 4,c = 21 hodc m = 2,b = 2 suy ra
a=3,c=9. Vay (a,b,c) = (4,3,21),(3,2,9).

2. Néue —1=2%¢c+1=2Y-3"2v6i o,y € Nz +y = a. Ta co 2v3°-2 — 2% = 2
V6i x =y = 0 thi 3°-2 = 3 suy ra b = 3. Ta tim dudc ¢ = 6. Vay (a,b,c) = (0, 3,6).
Néu xy > 1 thi ta c6 hai truong hop nho:

e Néuz = 1thi 293" 2 = 4 didn dén y = 2,b = 2. Ta suy ra ¢ = 9. Vay
(a,b,c) =(3,2,9).

e Néuy = 1thi 30=2 _ 97=1 — 1| Theo bai toan ban dau ta thu ducc b = 3,xr =2
hodc b =4,z = 4. Tu d6 ta suy ra (a,b,c) = (3,3,15), (5,4, 51).

Vay phuong trinh (4) ¢6 6 nghiém nguyén khong am (a, b, ¢) = (4,5,0), (4,3,21),(3,2,9),
(0,3,6), (3,3, 15), (5, 4,51). m

NHAN XET. O bai toan tren, ta da dua phuong trinh can gidi 2¢3° + 9 = ¢ v& viec giai
137 — 2 = 1.

Vi du 4. Gidi phuong trinh nghiém nguyén duong

273Y + 5% = 7" (6)
A

PHAN TicH. Ta sé di tim tinh chin 1é clia x,y, z,t. Dé ¥ néu xét theo mod 3 thi ta suy
ra 5° =1 (mod 3) dan dén z chdn. Néu ¢ chén thi ta sé dua duge vé dang A - B = 2%3Y
tit d6 dua phuong trinh vé dang don gian hon. Tuy nhién, xét theo mod 4 thi ¢ chan khi
x > 2. Do do ta sé di xét truong hgp nho z = 1.
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LO1 GIAL
Vi7'=1 (mod 3) nén 5* =1 (mod 3). Vay z chdn Dat z = 221 (z; € N*).

Néu x = 1 thi
(6) =230 + 5 = 7",

2 (mod 4) nén 7" = 3 (mod 4). Vay t 1é. Khi d6 7" = 7
1 (mod 24) (vi z chdn) nén 2 -3Y = 6 (mod 24) suy ra

Vib5* =1 (mod 4),2 - 3Y
(mod 24). Ta cing c6 5°
3¥"1=1 (mod 4). Vay y 1&.

Ta ¢6 y,t 1é nén 3V = 3,2 (mod 5),7" = 2,3 (mod 5). Khi d6 23+ 5% = 1,4 (mod 5),
mau thuan.

Néu x > 2 thi 4]273Y va ta ciing ¢6 5° = 1 (mod 4) nén 78 = 1 (mod 4). Do d6 ¢
chén, dat t = 2t; (t;, € N*). Khi do

(6) < (7" —57) (7" +57) = 273V

Vi 78 — 571 va 7% + 5% khong cuing chia hét cho 3 nén ta c6 hai truong hop:

. 7t1 _ 5z1 — 2m
1. Neu (m,n € N;m+n = x). Ta suy ra 2"3¥ — 2™ = 2. 5% va
7 4 5 = 2n3Y

2"3Y 4 2m =2 .74, Do d6 hoac n = 1 hodac m = 1.

3y —2m~l = 5=
Y 2m-l =7t
Vay m — 1 chén. Va hién nhién m — 1 > 1 nén ta suy ra 4/2™ 1. Do d6 3V = 1
(mod 4). Vay y chan. Dat y = 2y, (y; € N*). Nhu vay

e Néun =1thi { Vi7h =1 (mod 3) nén 2™t =1 (mod 3).

v _ 2m—1 — 571 o (3341 _ QmT_1> <3y—1 . 2m2— > _ 5%

m—1

Viay — 275 va 3v 2% khong cung chia hét cho 5 nén |3¥* — 22 =1|va
3v1 + 2" = 52, Tit d6 ta tim dude y1 = 1, m = 3. Tuy nhién, ta lai khong tim
duge x,y thoa man.

2n—13y — 1 = 5=
2n-i3y 41 =7
n=2. Khidé 7" —1=2-3%. Theo bd dé LTE ta c6

e Néu m = 1 thi { . Nhan thay 5 + 1 = 2 (mod 4) nén

v3(7" — 1) = v3(6) +v3(t1) = 1 +v3(t1) = ¥.

bat t;, =37 -k v6i ¢,k € Nk > 1,(k,3) =1 thi y = ¢+ 1. Khi d6 dé dang
chitng minh bang quy nap 74 —1 = 73"% -1 > 2.3%"! v6i ¢ > 1. Do d6 ¢ = 0.
Ta tim dugc k =1. Dodé6 t =2,y = 1,2 = 3,2 = 2. Thit lai, 23 -3 + 5% = 72,
thoa man.

7t1 + 5% = 9n
Vin>mnénm =1 Dod62" ! —3Y =5 va 7l =3Y4+2""1. Vi7" =1 (mod 3)
nén 2" ' =1 (mod 3), suy ran — 1 chdn van — 1 > 2.

[t =5 =gm .3 ,
2. Néu (m,n € N m+n =z;n>m). Dodé 2"—2m3Y = 2.5%.

4
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Nhu vay 2"1 — 3Y = 1 (mod 3) nén 5* = 1 (mod 3). Vay z; chin. Dat z; =
22’2 (21 € N*) Khi do

2 =5 e (275 52 ) (2 4 5%) = 3,

Lap luan tuong tu ta suy ra 2" — 5% = 1,2717_1 +52=3Y.Dods|2" —3¥=1]|
Khi d6 y = 1,n = 3 suy ra 5** = 1, mau thuan.

Vay phuong trinh (6) ¢6 nghiém nguyen duong duy nhat (z,y, 2,t) = (3,1, 2,2). [

NHAN XET. Ta c6 thé nhan thay bai toan trén la cac danh gia linh hoat vé tinh chin
1é clia an qua viéc sit dung modun, qua dé dua vé phuong trinh tich, lam don gian héa
phuong trinh dé giai.

Hon nita, cic modun ma ta st dung trong bai toan trén déu cé lién quan dén cac con s
trong phuong trinh (2,3, 5, 7). Ta c6 thé néi cAc modun nay c6 "moi quan hé" véi phuong
trinh.

2.1 Hai ki thuat nho trong viéc luva chon médun

Ta thay rang hau hét cac 10i gidi trén déu phai trai qua hai quy trinh: Thi nhat 1a st
dung modun (chti yéu 1 diing modun c¢6 "mdi quan hé" v6i phuong trinh) dé chi ra tinh
chin 1é, hay cling chia hét cho mot s6 nguyén té p nao dé ciia cac an. Va thit hai la dua
phuong trinh vé phuong trinh tich dé giai.

Tat nhién, khong phai tat cid bai toan c6 phuong trinh chita an & s6 mii déu co thé
gidi quyét bang hai quy trinh trén. Va do d6 ta sé gap hai kho khan khi d6i dien véi bai
toan khong thé giai duge khi 4p dung hai quy trinh trén:

1. Viéc lya chon modun ngoai ¥ mudn, tic 1a ngay ca khi sit dung cdc modun c6 "mdi
quan hé" ta van khong tim dugce cach xit 1i bai toan. Va cac 16i gidi ctia cac bai toan
minh sip dua ra dudi day, hoan toan c6 thé néi ring modun dudce sit dung trong céc
bai toan d6 hoan toan khong co bat ki "dic diém nhan dang" nao déi véi phuong
trinh do6.

2. Viéc dua vé phuong trinh tich kho c6 thé dan dén 15i giai hoan chinh. Tham chi
mot s6 bai khong thé dua thanh phuong trinh tich.

Ki thuat nay phan nao cé thé giai dap gitip moi ngudi phan nao vé hai van dé trén.

2.1.1 Ki thuat 1
Trude hét, ta xét vi du sau:
Vidu 5. Tim cdc s6 nguyén duong m,n théa man 9™ — 7" = 2. JAN

LO1 GIAL
Nhan thay (m,n) = (1,1) 1a mot nghiem. Ta sé chitng minh phuong trinh khong c6
nghi¢m nguyén véi m > 2. Khi d6 27|9™ nén 7" = 25 (mod 27). Ta c6 bo dé sau:

B dé 1.
Cho n la s6 nguyén duong thi ords.(7) = 371 U

>
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CHUNG MINH. _
Goi A la tap cac s6 dang 3¢k sao cho 7% =1 (mod 3") véi i,k € N,k > 1,gcd(k,3) = 1.
Khi d6 theo bé dé LTE ta c6

v3(73”f—1):vg(7—1)+v3(3i-k):z'+1zn;»zzn—y

Ta suy ra 3" - k > 3"~1. Vay trong tap A s6 nhé nhat 1a 3”1, Do d6 ords.(7) =3""1. R

Quay lai bai toan, theo bd dé ta suy ra 79 = 1 (mod 27). Dé 7" = 25 (mod 27) thi n = 4
(mod 9).

Bay gio ta di tim s6 nguyén t6 p sao cho ord,(7) = 9. Dé y rang 79—1 = (73— 1)(7°+73+1).
Dé s6 nguyén t6 p théa man thi p|7¢ + 72+ 1. Ta c6 76+ 72 + 1 = 37 - 3 - 1063. Dé phu
hop tinh todn, ta chon p = 37. Vin =4 (mod 9) nén 7" = 7 = 33 (mod 37) = 9™ = 35
(mod 37).

Bay gio can tim a dé ords;(9) = a. Va ta tim dugc a = 9. Bay gio ta xét m = r
(mod 9) v6ir=1,2,---,8.

9™  (mod 37)
1
9
7
26
12
34
10
16
33

| O O x| W N~ O3

w |

Nhu vay, ta luon ¢6 9™ # 35 (mod 37), mau thuan. Vay phuong trinh ¢6 nghiém nguyén
duy nhat (m,n) = (1,1). |

NHAN XET. O 1o gidi trén, ta diy doadn rang phuong trinh c¢6 nghiém nguyén duy nhat
(m,n) = (1,1), tit d6 ta di chiing minh m,n > 2 phuong trinh khong c¢6 nghiém nguyén.
Va phan tich trén da cho ta thay duong 16i r6 rang trong viéc Iga chon modun 37.

Vi du 6. Gidi phuong trinh nghiém nguyén duong 2* —5 = 11Y. A

LO1 GIAL

D@é nhan thay (x,y) = (4,1) 1a mot nghiém ctia phuong trinh. Ta s& di chiing minh phuong
trinh khong c6 nghiém véi x > 5. V6i 2 = 5 phuong trinh vo nghiém. V6i x > 6 thi 64/2”
nén 11Y =59 (mod 64). D& dang chiing minh dugc ordgn(11) = 272 theo b dé LTE nén
11" =1 (mod 64). Ta suy ra y = 13 (mod 16).

Ta can tim s6 nguyén t6 p théa man ord,(11) = 16. Tac6 11'°—1 = (118—-1)(118+1) suy ra
p|1184+1va 11841 = 2-17-6304673. Ta chon p = 17. Khi d6 11¥ = 11v (med 16) = 1118 =7
(mod 17). Ta ¢6 2* =12 (mod 17).

Bay gio ta di tim a dé ord;7(2) = a. Ta tim dugc a = 8, titc 28 = 1 (mod 17). Bay gio ta
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sé di xét s6 du ctia z khi chia cho 8: x = r (mod 8) véir =0,1,2,--- ,7. Ta c6 bang sau:

2 (mod 17)
1
2
4
8
16
15
13
9

|| O | W~ O3

Ta luon ¢6 2% # 12 (mod 17) v6i moi > 6 nén phuong trinh khong ¢6 nghiém nguyén
trong truong hop nay. Vay (z,y) = (4, 1). [

NHAN XET. Ta khong khong di xét tit « > 5 ma khdéi diém tit z > 6 vi néu véi x > 5, ta
suy ra 32|27, tit d6 dé chon modun p. Tuy nhién, trong trudng hgp nay, s6 p qua lén. Do
d6 t6t nhat ta nen bat dau tit z > 6. Ta ciing ¢6 thé di tim modun cho bai toan ti diéu
gid stt y > 2 nhung gia tri modun tim duge khong hé nho. Nhu vay, trong ki thuat nay, ta
phai linh hoat trong viéc chon huéng tim modun sao cho modun tim duge da "tam cd"
dé ta c6 thé giai quyét bai toan ma khong mic phai nhing tinh toan 16n.

Vi du 7. Gidi phuong trinh nghiém nguyén khong am 33* + 31 = 2Y. A

Lor crAr (1).

Nhan thay phuong trinh ¢6 hai nghiem nguyén (z,y) = (0;5), (1;6). Ta sé di chiing minh
phuong trinh khong ¢6 nghiém nguyén véi z > 3 (v6i x = 2 thi khong ton tai y thoa
man). Khi d6y > 7.

Ta c¢6 27|33% nén 2¢Y = 4 (mod 27). D& chitng minh dugce ordsn(2) = 2 - 3"~! theo bo dé
LTE nén 2% = 1 (mod 27). Do d6 y = 2 (mod 18). Theo dinh ly Fermat nhé thi 28 =1
(mod 19) nén 2Y =4 (mod 19) (ta chon p = 19). Khi d6 33* = 16 (mod 19).

Dé ¥ ring ord;9(33) = 18. Ta s& xét s6 du clia x khi chia cho 18.

e Viy =2 (mod 18) nén y = 2 (mod 3). Do d6 2Y =4 (mod 7). Ta suy ra 33" = 1
(mod 7) nén 3|zx.

e D& dang chitng minh dugc ordy.(33) = 2"~° theo b dé LTE. Do d6 néu x chin va
x> 3 nén 33* =1 (mod 2%) = 33% + 31 = 2% (mod 2%). Suy ra y = 5, mau thuan.
Vay x 1é.

T hai diéu kién trén suy ra * = 3 (mod 6) nén = = 3,9,15 (mod 18). Tuy nhién, ca
ba truong hop nay déu dan t6i 33* # 16 (mod 19). Vay phuong trinh ¢6 nghiém nguyén
(z,y) = (0;5), (1;6). u
L3I cIAr (2).

Ta sé di ching minh phuong trinh khong c6 nghiém véi y > 7. Lic d6 thi 128|2Y nén
33" =97 (mod 128).

Ta c6 ordya(33) = 2"7° nén 33* = 1 (mod 128). Do d6 z = 3 (mod 4).

Ta di tim s6 nguyén t6 p sao cho ord,(33) = 4 suy ra p|33? + 1. Khi d6 p = 109.
Qua thyc p rat 16n nén cac bude gidi tiép theo chac chin sé gip trd ngai vé tinh toan. Ta

7
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manh dan khong thay s6 p thoa man ord,(33) = 4 ma thay vao do6 chi can lay p|33* — 1,
titc c6 thé tim p théa man p|33% — 1 = 26 . 7. Ta chon p = 17. Khi d6 33* = 1 (mod 17)
nén 33° = 33% = 16 (mod 17). Ta suy ra 2¥ = 13 (mod 17).

Dé y riang ord;7(2) = 8 nén ta xét truong hop ctia y khi chia cho 8. y = 7 (mod 8) véi
r=0,1,2---,7. Ta c6 bang sau:

2Y  (mod 17)
1
2
4
8
16
15
13
9

N[O O | W N~ O

T bang trén ta suy ra y = 6 (mod 8).

Dé ¥ ring 33 = 0 (mod 11) nén 2¥ = 9 (mod 11). Ta lai ¢6 ord;;(2) = 10 nén suy ra
y =6 (mod 10).

Két hop véi y = 6 (mod 8) thi y = 6 (mod 40). Ta suy ra 2¥ = 2% = 23 (mod 41). Khi
dé6 33 = 33 (mod 41). Lai ¢6 33 = 1 (mod 41) nén x = 1 (mod 40), diéu nay mau
thuan véi diéu ta vira chiing minh § trén: x = 3 (mod 4).

Vay phuong trinh c6 nghiém nguyén (z,y) = (0;5), (1;6). [ |

2.1.2 Ki thuat 2

O ki thuat nay , minh xin khong binh luan nhiéu, vi chinh 15i giai da thé hién ré noi dung
cua ki thuat. Minh xin giéi hiéu ba 16i giai khac cho ba vi du duge néu & ki thuat 1.

Lor crAr (VI by 5).
Ta xét v6i m,n > 2. Phuong trinh tuong duong véi

9ot —-1) =T7(T"""-1).

Khi d6 7322 — 1 nén 3jm — 1. Ma 23-7-13 = 3% — 1|32"~2 — 1 nen 2% - 13|7"! — 1 suy
ra 6|n — 1.

Vi24.32.19-43 =75 —1|7""! — 1 nén ta can 43|3*™~2 — 1. Vay 42|2m — 2. Diéu d6 c6
nghia 1a 7232 — 1]3*™~2 — 1, mau thuén.

Vay phuong trinh c¢6 nghiém nguyén duong (m,n) = (1;1). [ |

Lo1 arAr (VI pu 6).
Xét v6i © > 5,y > 2 thi phuong trinh tré thanh

28 (2t —1) =11 (11" = 1)

Tt phuong trinh ta suy ra 24[11¥"! —1 nén 4|y — 1. Do d6 2*-3-5-61 = 11* — 1|11¥ 7' — 1.
Ta phai ¢6 3-5-61[27* — 1 nén 60|z — 4. Nhu vay thi 41|29 — 1|2*~% — 1 nén ta phai c6
4111971 —1. Tt d6 dan dén 40|y — 1. Khi d6 ta suy ra 2°]11¥7! —1 trong khi 2* || 11¥7! —1,
mau thuan.

Vay (z,y) = (4 1). u
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Lo1 a1Ar (Vi by 7).
Xét voi y > 7,2 > 2 thi phuong trinh tuong duong véi
33(33771 — 1) =2%(2v7% —1).

Ta suy ra 2°|33*~! —1 nén 2|z —1 nén 2°-17 = 332 —1|33*"! — 1 nén ta phai c6 17]2¢ 7% —1.
Do d6 8|y —6 nén 5[2% —1[2v=¢ —1. Do d6 5[33*~1 — 1 suy ra 4|z — 1. Ta sé c6 27|33*71 — 1,
mau thuan vi 26 || 331 — 1.

Vay phuong trinh c¢6 nghiém nguyén khong am (z,y) = (0;5), (1;6). [

2.2 Bai tap van dung ki thuat chon modun

N . .z . , - ¥+ oyt =2
BA1 1. Tim céac s6 nguyén duong x,y, z thoa man
7 42012 =yt
BAI1 2. Giéi phuong trinh nghiém nguyén khong am 2% + 2009 = 3¥5%.
BA1 3. (Iran 2005) Tim tat ca cdc s6 tu nhién n, p,q théa man 2" + n? = 3777
BAI 4. (Serbia MO 2008) Giai phuong trinh nghi¢gm nguyén khong am 127 + y* = 20087.

BA1 5. (IMO Shortlist 2010) Tim cép s6 nguyén khong am (x,y) théa man m? +2-3" =
m (2" —1).

BAI 6. (Turkey NMO 2001) Tim cip s6 nguyén duong (z,y) thda man 3% + 11Y = 22.
BA1 7. Giai phuong trinh nghiém nguyén duong 2! = 3%5Y + 77
BA1 8. Giai phuong trinh nghiém nguyén duong 3* + 4Y = 77,

BA1 9. Giai phuong trinh nghiém nguyén duong 2% = 5% — 3Y.

3 S dung danh gia trong giai phuong trinh nghiém nguyén

Ta bat dau bang viéc xét bai toan sau:
Vi du 8 (VMO 2004). Tim tat cd bo ba s6 nguyén duong (x,y,z) théa man hé thic

(z+y)(1 +2y) =27 (7)
A

LO1 GIAL

Néu phuong trinh (7) ¢6 nghiém nguyen (z,v, 2) = (a,b,c) thi phuong trinh d6 ciing c6
nghiém nguyén (z,y, z) = (b,a,c). Do d6, khong mat tinh tong quét, gid st x < y.

Tu (7) ta suy ra ton tai s6 nguyén duong m sao cho m < z va théa man z +y =
M gy 1 = 25,

Taco (vy+1)—(r+y)=(z—1)(y —1) > 0nén 2°7™ > 2™ suy ra m < .

1. Neuz =1thiy+1=2""=2mnen z = 2m. Khi d6 y = 2™ — 1. Ta kiém tra thay
bo s6 (z,y,2) = (1,2™ — 1,2m) thoa man (7).
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2.Néuz >2 Tacoz?—1=zx(x+y)— (zy+1)=2" 2 — 2™ = 2™ (y — 2°72m),
Tu day ta suy ra 2"|(z — 1)(x + 1). Mt khac ged(m — 1,m + 1) = 2 nén ton tai
mot trong hai s6  — 1,2 + 1 chia hét cho 2m~1.

Néu 2m*1|x—1 thiviz >2nénz >2m ' +1. Max+y=2"nény <21 -1 <z,
mau thuan véi dieu gia sit trén. Vay 2™ 1|z +1 nén x > 2™~! — 1. Ta ciing lai c6
r+y=2"nény <2m !4+ 1. May >z nén

ol 1< <y<2ml 41 (8)
Dé y riing tit (7) ta suy ra y 1é nén tit (8) tasuy ra y = 21 — 1 hogc y = 2™ 1 + 1.
o V6iy=2""1—1thiz=2""1+1, mau thudn vi z <.
o Voiy=2""14+1thiz =2"1-1.Khid62*™™ = 2y+1 = 222 = » = 3m—2.
Vizlénén z>3. Dodé 2™ ' =2 +1>4nén m > 3.
Vay tat ca cac bo so6 nguyen duong (z,vy, z) can tim la:
r=1y=2"—1;2 =2m véi m € N*.
r=2"—1,y=1;2=2m v6i m € N*,
x=2"1 1 9y=2"1412=3m—2v6imecN, m>3.
x=2""141y=2"1—12=3m—2v6imeN m>3. [ |
NHAN XET. Bit dau véi viec sap thit ty an (z < y) va |A] > B néu B|A (A # 0), ta
da hudng bai toan t6i mot déanh gia kep (8). Va tit danh gia nay, ta dé dang tim duge
nghiém nguyén cho phuong trinh (7).
Do dé6, trong céc ki thuat danh gia dé giai phuong trinh nghiém nguyén cé chia an & s

mil, ta nén dé ¥ t6i ki thuat sap thi ty an va nhan xét |[A| > B néu B|A (A # 0). Hai ki
thuat nay sé giap viéc danh gia dat hiéu qua hon.

Vi du 9. Tim nghiém nguyén duong ciua phuong trinh

(x+1)Y—1==x! (9)

LoOr1 GIAL
Nhan thay (z,y) = (1;1),(2;1) 1a hai nghiém nguyén ctia phuong trinh. Ta xét véi x > 4.
Khi do

(9) a4y P+ CoV P 4y = (1) (10)

Néu z 18 thi (z+1)Y —1 1a 86 1¢, ma z! chdn (do z > 3), diéu nay mau thuin. Vay x chén.
Khi d6 ta suy ra z 1a hop s6, dan dén 2 = ab v6i a,b € N*; 2 — 1 > a,b > 2 nén ta luon
c6 z|(x — 1)!I. Do d6 tur (10) ta suy ra x|y ma x,y > 1 nén y > x. Khi dé thi

(x+1)Y>(x+1)*>a2"4+1>zl4+1,

diéu nay mau thuan véi (9). Truong hop nay phuong trinh khong c6 nghiém nguyén
duong.
Vay phuong trinh (9) ¢6 nghiém nguyén duong (z,y) = (1;1),(2;1). [ |

10
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NHAN XET. Bai toan trén la minh hoa cho ki thuat danh gia hai vé ctia phuong trinh
trong giai phuong trinh nghiém nguyén chia an & s6 mil.

Vi du 10. Tim cic cip s6 nguyeén duong (x,y) théa man y* = z¥+2, A

LOr1 GIAL

Nhan thay (x,y) = (1;1) 1a mot nghiem nguyén ctia phuong trinh.

Néu z,y > 2. Ta gid st réng ton tai s6 nguyen duong d > 2 théa man d|x,d t y thi khi
d6 d|zv*2 nhung d t y*°, didu nay mau thuin. Vay khong ton tai sé nguyen duong d néi
tren. Do dé z,y c6 thé viét lai dudi dang z = n®,y = n® véi n,a,b € N*,n > 2. Khi d6
phuong trinh tré thanh

nb~n2(" — na-(nb+2) = b- n2a =q - (nb =+ 2) . (]‘1)

Néu b =1 thi (11) tré thanh n?* = a(n +2) v6i n > 2,a > 1. Ta sé di chiing minh quy
nap theo a rang véi n > 2,a > 1 thi n** > a(n + 2).

CHUNG MINH.

o Voia=1thin*™=n>>an+2)=n+2< (n—2)(n+1) >0, ding vin > 2.
Déu ding thic xdy ra khi va chi khin = 2.

o Véia > 2, gid sit bat dang thiic ding dén a = k > 2 thi n?* > k(n + 2). Ta sé di
chiing minh n®**D > (k +1)(n + 2). That vay, ta cé

n?* D — p2 n2 > p2k(n+2) > (k+1)(n +2),
tic bat dang thie cing ding vdi a =k + 1.
Viy a® > a(n+2) vdin > 2,a > 1 va dau dang thite xdy ra khi va chi khia =1,n = 2.1

Nhu vay v6i b = 1 thi n?* = a(n +2) suy ran = 2,a = 1. Ta tim dugc (z,y) = (2;2).
Néu b > 2. V6i n chén thi ta suy ra ged (n2“,nb+2) =2va2 | nb+2 Do doé tu

b b
|b suy ra b >

A o 2
(11) ta dan dén = - Nhu vay

2
2b - n** > n® . (n® 4 2) > 2a(n’ + 2),

mau thuén véi (11) (ta dé dang chiing minh bang quy nap n** > 2a véi a > 1,n > 2).
V6i n 1é thi ged (n%,n® 4 2) = 1 neén tit (11) ta ddn dén n® + 2|b, diéu nay mau thudn vi
n+2>0b>1.

Vay phuong trinh (10) ¢6 nghiém nguyén duong (z,y) = (1;1), (2;2). [ |
Vi du 11. Tim cdc so6 nguyén to (p,q) théa main 2p? — qP = 7. A
LOr1 GIAL

Néu p = ¢ thi p? = 7, mau thudn. Vay p # ¢ # 7 nén ged(p, q) = 1.

Ap dung dinh 1y Fermat nhé ta c¢6 p? = p (mod ¢) ma ¢|2p? — 7 nén q2p — 7. Va ¢? = ¢
(mod p) ma p|gP 4+ 7 nén p|q + 7.

T plg+7 va q|2p—T7 ta suy ra pq|(¢+7)(2p—7) nén pq|2p—q—"7. Do d6 |2p—q—T7| > pq.

11
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1. Néu2p—q—7>0thi2p—q—7T>pg< (p+1)(g—2) < -9, ditu nay mau thuan
vip,q> 2.

2. Néu 2p — ¢ — 7 = 0 thi ta thay (p,q) = (5;3) thda man. Néu p > 7, phuong trinh
tré thanh
20T — (2p TP =T. (12)

Ta sé di chting minh p?*~7 > (2p — 7)Pv6i p > 7.
Dau tién, ta di ching minh (2p)P~7 > 2%~7. Xét v6i p > 16 thi

(2p)p—7 Z (25);)—7 — 25p—35 > 22]?—7 = (2p)p—7 > 22}2—7.

Lai ¢6 (2p)P > (2p—T)? nén (2p)P~"-(2p)? > (2p—7)P-2%"=7. Do vay p?~" > (2p—T)?
v6i p > 16. Con thit v6i 7 < p < 16 thi hién nhién ding. Do d6

20T > 2(2p — TP > (2p — T)P + 7.
Khi d6 phuong trinh (12) khong c¢6 nghiém.

3. Néu2p—q—7<0thig+7—-2p<pgs (p—1)(¢+2) <5 Viglénén g=23va
p = 2, thoéa man.

Vay phuong trinh c¢6 nghiém nguyén (p, q) = (5;3), (2; 3). [ |
Vi du 12 (Junior Balkan MO 2000). Tim s6 tu nhién n sao cho 3" + n* la so chinh
phuong. A
LO1 GIAlL

Diat 3"+n?=a?véia € N*van =3P-qvéip,q € N,qg > 1,gcd(3,q) = 1. Tac6 3P-q > 2p
nén 3°|n? + 3". Ta suy ra 3P|a. Dat a = 37 - k v6i p,k € N,k > 1. Khi d6 phuong trinh
tré thanh

F+3"=k < (k—q)(k+q) = 3"
v6ih=3-q—2p€eN,31¢q,31k.
bat k—q=3"k+q=3"v6ia,b € N,a<ba+b=h Khidé3"(37*+1)=2¢ ma
3tgneén a=0.Khid62q=3"—-1=3%9%_1.
Ta chitng minh hai bo dé sau:

B6 dé 2.
Véi moi p € N thi 3° > 2p + 1. Dau dang thic xzdy ra khi p = 0 hodc p = 1. 0
B6 dé 3.
Vi moi ¢ € N* thi 3P - ¢ > 2p+ q vdi p € N. Dau dang thic xzdy ra khi ¢ = 1,p = 0 hodc
qg=1,p=1. 0

Khong khé dé chitng minh hai b dé nay (ding Bo dé 2 dé chitng minh Bo dé 3).

Theo Bo dé 3 ta c¢6 37-¢—2p > ¢ nén 2p+1 > 39. Tuy nhién theo B6 dé 2 thi 37 > 2p+1.
Vay 39 =2p+ 1 nén p = 0 hodac p = 1. Ta tim dugc n = 1 hoac n = 3.

Vay n € {1;3}. |

12
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3.1 Danh gia trong bai toan phuong trinh nghiém nguyén c6 s
dung bo dé LTE

B6 dé LTE la bo dé duge ding rat nhiéu trong viéc giai phuong trinh nghiem nguyén

chita an ¢ s6 mit. Va thuong di kem vé6i bo dé 1a nhitng danh gia giita hai vé ciia phuong

trinh dé tit d6 tim ra nghiém nguyeén. Ta ciing xét mot s6 vi du sau:

Vi du 13. Gidi phuong trinh nghiém nguyén duong 5% + 1 = 3% - b. A

LO1 GIAL

Néu a chin thi 5 +1 =2 (mod 3), mau thuin. Do d6 a 1&. Theo bo dé LTE ta c6
v3(5%+ 1) =wv3(a) +v3(5+ 1) =1+ v3(a) = a. (13)

Dit a = 3% - p v6i k,p € N,p > 1. Ta dé& dang chiing minh biang quy nap theo k ring
3F.p>k+2v6i k> 1. Do déa > vs(a)+ 2 véi vg(a) > 1. Khi d6 tur (13) ta suy ra
v3(a) = 0. Vay a = 1. Ta tim dugc b = 2.

Vay phuong trinh ¢6 nghiém nguyén duong (a,b) = (1;2). [ |
Vi du 14 (Nga 1996). Tim tat cd cic so nguyén duong n sao cho ton tai so nguyén
duong z,y va k théa man ged(x,y) = 1,k > 1 va 3" = z* + ¢*. A
LOr1 GIAL

Néu k chin thi dé théa man phuong trinh ta phai ¢6 3|z, 3|y, diéu nay mau thuin vi
ged(z,y) = 1. Vay k 1é.
Ta ¢6 x,y > 1 nén tit phuong trinh suy ra 3|z + y. Ap dung bé dé LTE ta c6

Ug(xk + yk) = ’Ug(k) + 'Ug(l’ + y) =n.

Dat x+y = 3™ thi v6i m € N*. Dé dang chitng minh bang quy nap theo m rang 3™ > m+2
v6i moi m > 1. Khi d6 ta suy ra k — 2 > v3(k). Ta xét hai truong hgp:

1. Neum =1thi z+y=3. Khidé z =29y =1hodc x =1,y = 2. Phuong trinh tré
thanh | 3" — 2F = 1|. Theo (1) ta tim duge n = 2,k = 3.

2. Néum > 2 thi z+y = 3™ > 9. Khong mét tinh tdng quat, giastz > y. Viz+y > 3
nén x > 5. Khi do ta co

diéu nay mau thuan.
Vay véi n = 2 thi (z,y,k) = (2;1;3),(1;2;3). |

NHAN XET. Céc bai toan trén, ta da sit dung mot s6 danh gia nhu p*-h > a+p— 1 véi
p nguyeén t6, a,h € N*, m = p* - h. Khi d6 thi m > v,(m) +p — 1.

Vi du 15 (Taiwan 1999). Tim cdc s6 nguyén duong (x,y,z) théa man (z + 1) +1 =
(x4 2)=+h. JAN

LOr1 GIAL
Viz e N*nén x + 1 > 2. Goi p 1a uée nguyen t6 ctia x + 1. Ta xét hai truong hop:

13
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1. Néu p la s6 18. Khi d6 4p dung bo dé LTE ta c¢6

vp ((r+ 2" = 1) = vz +1) +v,(z+1) =v(x+1)- (y+1)
:>Up(z—|—1):vp(x+1)~y

Dé dang chiing minh bang quy nap rang z + 1 > v,(z + 1) + 1 v6i p > 3. Do do
2+1>y vy(x+1)+1>y+ 1. Khidé thi

(x+2)"™ > (2 4+2)Y™ > (2 + 1)V +1,

diéu nay mau thuan, tiic dong nghia véi viec z + 1 khong chita thita sé nguyén t6
1é.

2. Néu p la 86 chéin, ta c6  + 1 = 2* véi k € N*. V6i 2 + 118 thi vy ((x +2)*F — 1) =
va(x + 1) < vo(x + 1) - (y + 1), mau thuan. Do vay z + 1 chin, a4p dung bo dé LTE
ta co

v ((z+2* =D =wv(r+1)+v(r+3)+v(z+1)—1=v(r+1) (y+1)
= vr—1)+uv(z+1)—1=y-v(x+1).

e V6i k=1thiz=1. Khids|3*™ —2vt! =1 \ Theo (1) ta tim duge 2z = 1,y =

2.

e VGi k > 2 thivg(x—1) =1. Khi d6 thi va(z2+1) = y-ve(z+1). Dé dang chiing
minh bang quy nap rang z+1 > ve(z+1)+1nén z+1 > y-va(x+1)+1 > y+1
tit d6 dan dén VT < V P, mau thuan.

Vay phuong trinh ¢6 nghiém nguyén (z,y, z) = (1;2;1). [

NHAN XET. Dé sit dung bd dé LTE mot cach ding nhat, ta phai dé v t6i diéu kien khi
stt dung. Chéng han mot s diéu kien nhu p{z,p{y, p|r — y hay p chin, 1é.

3.2

BAr 1.
BAr 2.
BAr1 3.
BAI1 4.
BAT1 5.
BAT1 6.

BA1 7.
BAI 8.
BA1 9.

Bai tap van dung ki thuat danh gia

Tim s6 nguyén té p sao cho 117 + 107 1 lfiy thita clia mot s6 nguyén duong.
Giai phuong trinh nghiém nguyén duwong 3¢ = 2% - b+ 1.

Giai phuong trinh nghiém nguyén 23 +1 = 19 - 3v.

Tim céc cap sé nguyen duong (a,b) théa man a¥ = b*.

Tim cac s6 nguyén duong (a, b, m) théa man (a + ?)(b + a?) = 2™.

Tim hai s6 nguyén duong a,b sao cho 0 < b < 9 va mot trong hai diéu kién sau
day xay ra

e |a’ —10a — b| = 2.
o [0*—10a —b| = 2.

Tim tat ci sé6 nguyén duong x,y théa man z! + y! = av.
Giai phuong trinh nghiém nguyén duong (n — 1)! + 1 = n™.

(Turkey 2013) Tim céc s6 nguyén duong m,n théa man 2" + n = m!.

14
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4 M6t s6 bai toan hay, khé

4.1 Mbét sd bai toan hay

Dudi day xin gidi thieu v6i ban doc mot s6 bai toan phuong trinh nghiém nguyén c6 an
4 s6 mii ma theo y kién cia minh thi day 14 nhitng bai toan hay. Va kém theo d6 minh
xin dua ra mot s6 phan tich, tim toi 16i gidi ctia ban than cho nhitng bai toidn nay.

Bai toan 1 (Balkan MO 2013). Tim tdt cd cic so nguyén duong x,y,z théa man x° +
4Y = 2013%. A

PHAN TicH. Y tudng dau tien: Ta sé coi y, z ¢6 chia hét cho 5 khong. Dau, tién, hay
xuat phat tit y vi 4¥ c¢6 co s6 nhé. Ta can chon sé nguyén t6 p dé xét modun sao cho
pl4° —1 ma 4°—1 =11-3-31. Ta chon p = 11. Va that may man rang 11]2013*! Con may
man hon nita khi ta thay chon p = 11 thi s6 truong hop gidm dang ké la do 2° = 0, +1
(mod 11). Va qué that sau mot qua trinh thit y = 7 (mod 5) v6i 0 < r < 4 ta suy ra 5|y,
dat y = 5y1 (y1 € N*). Phuong trinh tré thanh

2° + (4v)° = 2013°.

Y tudng tiép theo la ta sé st dung b6 dé LTE. Dé ¥ riing 4Y = 1 (mod 3) nén 2° = 2
(mod 3) suy ra = 2 (mod 3). Do d6 thi 3|x + 4% nén ap dung bo dé LTE ta c6

vs (2° + (4")°) = vs(x + 4¥') = 2.

Do vay x +4¥t = 3% - k v6i k € N*. Ta thit dua ra mot danh gia gitta x + 4% véi x° + 49
coi sao néu k = 1 hogc 117]k. T d6 ta co 1oi giai:

LO1 GIAL
Ta c6 2° = 0,41 (mod 11) va 11|2013% nén 4Y = 0,10,1 (mod 11). Taxét y = r (mod 5)
voi 0 <r<4,reN.

4" (mod 11)

ol o]l =] o] =
w| o] ar| | —

Vi4¥ =0,10,1 (mod 11) nén ta suy ra r = 0 hay 5|y. Dat y = 5y; véi y; € N*. Khi d6
phuong trinh tré thanh
2 4 (491)° = 2013°.

Dé ¥ ring 4Y = 1 (mod 3) va 3|2013% nén 2° = 2 (mod 3) suy ra z = 2 (mod 3). Do d6
3|z 4 4v'. Ap dung bd dé LTE ta c6

vs (2° + (4")°) = vs(z +4¥) = 2

1. Néu z + 4% = 37 thi ta c6 2° + 4Y¥ < (x + 4¥)° = 243* < 20137, mau thuén.

15
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2. Dé y phan tich 2013 = 3 - 11 - 61 nén néu 11|x + 4 thi ap dung bd dé LTE ta suy
ra vy (x + 4%) = z. Khi d6 ta suy ra 33°|z + 4¥'. Ap dung BDT Holder thi
T+ 1)1+ DA+ 1)(1+1)(2° +4Y) > (x +4%)°.

Y1\ b5z
(z 4 4¥1) > 33

Do d6 a® +4Y >
odox® + > 16 16

> 2013%, mau thuan.

Vay phuong trinh khong c6 nghiém nguyén duong. |

Bai toan 2 (XII Olympic Revenge - 2013). Tim cdc bo s6 nguyén duong (p,n, k) vdi p
la s6 nguyén to Fermat, théa man

P n = (n+ 1) (14)
S6 nguyén to Fermat la s6 c¢6 dang 22 + 1 vdi x la s6 tu nhién. A

PHAN TicH. Nhin vao phuong trinh, qua that ta kho co thé sit dung modun hay thuec
hién danh gia. Ta thit viét lai phuong trinh duéi dang

pt—1=(n+1) [(n—l—l)k’l—l]

Dé y ring (n + 1)*~! — 1 thi ta nghi ngay dén ap dung bo dé LTE. Tuy nhién, ta sé ap
dung cho s6 nguyén t6 p nao ?

Ta sé nhin ki hon mot ti, p = 22° + 1 nén at han 2|p" — 1 va chic chan rang vy (p™ — 1)
khong hé nhé. V6i viec dung cap dé dang cho ta thay rang 2|n nén "niém tin" cta ta vao
viéc chon s6 p = 2 cang tang.

Ta thay rang v6i k — 1 16 thi va(p™ — 1) > wve(VP). Do d6 k — 1 chén, khi d6 theo
b6 dé LTE ta c6

va(p" = 1) = va((n+ 1) = 1) & v2(p = 1) +va(p + 1) = v2(n +2) + va2(k — 1). (15)

Qua that viec danh gia (15) khong hé dé&, ta khong thé dung céc danh gia thong thuong
khi gip bai toan c6 st dung bo dé LTE nhu trén dugce. Ta sé doc ki dé lai mot lan nita,
dé tim nhing didu kién dé ta c6 thé danh gia (15). Lai dé y mot lan nita p — 1 = 2% Do
d6 néu ton tai s6 nguyén duong a thdéa man vy(a) > ve(p — 1) thi p — 1|a. Ta thit di so
sanh vy(k — 1) va va(p — 1). Ta chon ve(k — 1) thay vi va(n + 2) vi néu danh gia duge k
theo modun p — 1 thi ¢6 thé ap dung dugce dinh 1y nhé Fermat.

Cu the, néu va(k — 1) > va(p — 1) thi p — 1]k — 1 nén (n + 1)* = n + 1 (mod p),
mau thuan vi p” +n = n (mod p). Vay va(k — 1) < ve(p — 1) nén tur (15) ta suy ra
vo(p+1) <wvy(n+2) ma va(p+1) >1nén vy(n+2) > 2. Tt dé din dén n =2 (mod 4).

Ta da c6 n = 2 (mod 4), vay budc tiép theo ta sé lam gi day ? Dé y ring phuong
trinh ban dau c6 p" (tic c6 n 1a s6 mii) nén ta nghi ngay dén dinh Iy Fermat nho, va diéu
kién n = 2 (mod 4) sé dua ta t6i viec xét modun 5.

Nhu vay thi p" = p? (mod 5) v6i p > 5. D& dang khi thiy rang p = 4 (mod 5) nén
p" =4 (mod 5). Dodé (n+1)* =n+4 (mod 5) suy ra k =3 (mod 4) (vi k1&). Khi d6
(n+1)¥=n+4 (mod5). Xét n =r (mod 5) v6i 0 < r < 4 thi khong théa man.
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Véi p = 5 thi 5" +n = (n + 1)*. Ta thtt ding cap mot 1an nita va tim duge n = 0
(mod 6). Dé ¥ n =2 (mod 4) nén n = 6 (mod 12). Mot lan nita ta lai nghi dén dinh 1y
Fermat nho, do d6 ta di xét modun 13. Ta c6 5" = 55 = —1 (mod 13) nén (n+1)* =n—1
(mod 13). Ta thit di tim & theo modun 12:

1. Vip=>5nén (15) suy ra vao(n +2) +ve(k — 1) =3 nén va(k —1) = 1 suy ra k = 3
(mod 4).

2. Ap dung bd dé LTE cho phuong trinh 5" 4+ n = (n + 1)* ta c¢6

v3(5" — 1) = w3 ((n+ 1) = 1) & 14 v3(%) = v3(n) + vs(k — 1)
= Ug(k — 1) =1.

Vay k=1 (mod 3).

Nhu vay k

= 7 (mod 12) nén (n + 1)* = (n +1)" = +(n + 1) (mod 13). Nhu vay
n—1l=+(n+1

) (mod 13), mau thuan.
Nhu vay, ta da c6 hudng giai cho bai toan nay. Va sau day 1a 10i gidi day du:

LoOr1 GIAL

Dita=2* Neun=1thi (14) < p=2"-1=2"4+1.Dodé6 k=2,a=1nén p=3.
Néu n > 2. Ta goi r 1a mot wde nguyén té6 clia n. T phuong trinh ta suy ra p" =
(mod n) hay p” =1 (mod r). Do d6 ged(p,r) = 1. Dat k 1a s6 nguyén duong nhé nhat
théa man p* = 1 (mod r). Ta cling c¢6 theo dinh ly Fermat nhé thi p™~t = 1 (mod 7).
Vay ta suy ra klr — 1 va kln. Viged(r —1,n) =1 nén k = 1. Ta ¢6 r|p — 1 hay r[2%. Vay
r =2 hay 2|n. Ta ¢6

(4) & p"—1=(mn+1)[(n+1)*"—1]

Tu phuong trinh dan dén vs(p™ — 1) = va ((n + )" = 1).
Néu k — 1 1é thi

va ((n+ 17 —1) = wa(n) <wp (p* = 1) +a(n) — 1 =wa(p" — 1),
mau thuén. Vay k — 1 ch&n. Ap dung bd dé LTE ta c6

va(p" — 1) = vy (n+1)"' —1)
Sva(p? — 1) +v2(n) — 1 = va(n) + va(n +2) +va(k — 1) — 1
Sv(p—1)Fv(p+1) =ve(n+2) +ve(k —1)
Néu vy(k — 1) > ve(p—1) thi p— 1|k — 1. Do d6 (n + 1)* =n + 1 (mod p) theo dinh 1y
Fermat nh6. Tuy nhién theo (5) thi n = (n + 1)¥ (mod p) nén n = n + 1 (mod p), mau
thuan. Vay ve(k — 1) < va(p — 1). Khi d6 theo phuong trinh ta c¢6
1 <wv(p+1) =v2(29 4+ 2) < va(n+2)

Do d6 va(n+2) > 2. Tasuy ran =2 (mod 4).
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1. Néup>5thi2® +1>5nénz >2 Dodop=2 (mod 5). Ap dung n =2 (mod 4)
thi ta suy ra p” =4 (mod 5). Dod6 4+n = (n+1)* (mod 5). Vin+4 #n+1
(mod 5) nén k # 1 (mod 4). Vi k1é nén k = 3 (mod 4). Vay 4 +n = (n + 1)3

(mod 5).
e Néun =0 (mod 5) thi4d+n— (n+1)> =3 (mod 5), mau thuén.
e Néun=1 (mod 5) thid+n—(n+1)>=2 (mod 5), mau thuén.
e Néun =2 (mod 5) thi4d+n—(n+1)> =4 (mod 5), mau thuén.
e Néun =3 (mod 5) thi4d+n—(n+1)> =3 (mod 5), mau thuén.
e Néun =4 (mod 5) thi 4 +n — (n+1)> =3 (mod 5), mau thuan.

Vay véi moi n € N* thin +4 # (n+1)3 (mod 5). Ta loai truong hgp p > 5.

2. Néu p =5 thi = 2. Khi d6 thi 3 = vg(n + 2) + ve(k — 1). Vi vg(n +2) > 2 nén ta
suy ra va(n +2) = 2,v2(k — 1) = 1. Ta cfing ¢6 5" +n = (n + 1)

e V6in =2thi k=3

e V6i n > 3. Goi ¢ la uéc nguyen to 18 ciia n thi ¢[507) —1 = 52 — 1 = 24,
Vay ¢|3 nén ¢ = 3. Do d6 n = 0 (mod 6). Két hop v6i n = 2 (mod 4) ta suy
ra 5" = —1 (mod 13) nén n — 1 = (n +1)* (mod 13). Ap dung b6 dé LTE ta
co

vs(5” — 1) = v3 (n+ 1" — 1) & 1+ v (g) = v3(k — 1) + v3(n)

Vay 3|k — 1. Ta cing ¢6 k = 3 (mod 4) nén k£ = 7 (mod 12). Theo dinh ly
Fermat nhé ta suy ra (n + 1)* = (n +1)" = +(n + 1) (mod 13). Nhu vay
n—1=-n—1 (mod 13) dan dén n = 0 (mod 13), vo ly. (vi véi 13|n thi
5" =1 (mod 13), mau thuan do 5" =5 (mod 13)).

Vay (p,n, k) = (3;1;2), (5;2; 3). L

NHAN XET. Day la mot bai toan hay, 16i giai cho bai toan nay da ap dung ca hai ki thuat
ma minh da trinh bay & trén.

Bai todn 3. Tim tat cd cdc so nguyén duong m,n sao cho

10" — 6™ = 4n? (16)

LO1 GIAL
Dé dang chiing minh duge bo dé sau:

Bo dé 4.
Véi moi a € N,a > 2 thi 10¢ > 6 + 4a?. O

Thit v6i n = 1,2, 3 ta tim duge (m,n) = (1;1). Néu n > 4 thi theo bo dé ta c6 6™ > 6"
nén m > n > 4. Néu n 1& thi 4n? = 4 (mod 16) ma 10" — 6™ = 0 (mod 16) vi m,n > 4,
mau thuan. Vay n chan.

Ta sé& di chiing minh m ciing chn. Ta dit n = 2n; (n; € N*). Ta cling ¢6 4n® =0, 1,2, 4
(mod 7).
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1. Néu 3|n; thi 3|4n? nén 310", mau thuan.

2. Néun; =1 (mod 3) nén 10" = 10> = 2 (mod 7). Do d6 6™ = 10" — 4n? = 0,1,2,5
(mod 7).

3. Néun =2 (mod 3) nén 10" = 10* = 4 (mod 7). Do d6 6™ = 10" — 4n? = 0,2,3,4
(mod 7).

Vay trong moi truong hop 6™ # 6 (mod 7). Vay m chén, dat m = 2m, (m; € N*). Két
hop vé6i dieu kien m > n > 4 thi phuong trinh dau tré thanh

(16) < 2%™ (5nF —2m=m . gm) (5™ 4 2™ ™. 3™ = 16n]

Dat ny =29k v6i ¢,k € N,k > 1,2 1 k thi phuong trinh tré thanh

22q+4
(51— o) (g gy = 20
Vim >nnén my > n;. Dodé VI =1 (mod 2). Do d6 22074 = 22""F hay 42 = 29 k.
Ta dé dang chting minh bing quy nap riang v6i k > 3,¢ > 1 thi 27-k > ¢+ 2. Tu d6 suy
ra k = 1, dieu nay lai dan dén mau thuan.
Vay phuong trinh ¢6 nghiém nguyén duong (m,n) = (1;1). [ |

NHAN XET. Ta dé ¥ ring 6™ = 41 (mod 7) va 4n? = 0,1,2,4 (mod 7) nén s6 modun
dude Iga chon xét 6 161 gidi nay. Don gian 1a vi néu ta diing modun 7, ta sé phai xét rat
it truong hop dé cé thé suy ra m chén.

Viéc suy ra m > n c6 thé néi 1la rat quan trong, né gitp ta danh gid mot cach chit
nhat vé tinh chén 1é ctia phuong trinh. Cu thé la ta da suy ra ¢ + 2 = 29 - k nhs danh gia
do.

Bai toan 4. Giai phuong trinh nghiém nguyén khong am

115" — 327 = 1. (17)
A

PHAN TicH. Y tudng clia ta khi gidi bai todn nay la dua vé phuong trinh tich (vi nhu
thé sé lam giam s6 an can xét, dua phuong trinh vé cac phuong trinh nhé dé dé dang giai
quyét hon). Va muén lam duge diéu do thi ta phai xét tinh chin 18 clia cAc an bang cach
stt dung modun.

Dau tien, hay thit v6i cac modun quen thudc. Dé ¥ réing a, b phai ciing tinh chin 1é khi
xét theo modun 3 (trong trudng hgp nay thi ¢ > 1). Hon nita, theo modun 4 (xét trong
truong hop d > 2) thi 1195 = 1 (mod 4) suy ra 11 = 1 (mod 4). Do d6 a chin nén b
ciing chdn. Vay ta da hoan toan phan tich dugc thanh nhan ti. Bay gio tiép theo ta sé
di xét cac truong hop nhd ma trong qué trinh tim nhan tit ta da "tam thoi" bo qua. Do
la ba truong hop ¢ =0,d =0va d=1.

Ta dén véi truong hop ¢ = 0. Khi d6 (17) < 2¢ + 1 = 1125°. Thit v6i modun 3 thi
dé thay ring 2¢ +1 = 2 (mod 3) nén a,b khac tinh chin 1é. Diéu nay khién ta kho xit
khi muén dua phuong trinh nay vé phuong trinh tich. Tuy nhién, hay thit xét véi mot s
modun "gan giii" véi phuong trinh nhu 11,5 ta thay 11|29 +1 véi @ > 1 thi dan dén 2 1 d,
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nhung véi 5/2¢ + 1 (néu b > 1) lai dan dén 2 || d, mau thuin. Vay kha nang a,b > 1 da
gidi quyét xong. Ta xét véi truong hop a = 0. Khi d6

(17) & 5° —1 =24,

Ta nghi dén viéc gidi quyét phuong trinh trén bing viéc stt dung bé dé LTE. Néu b 1é thi
v—2(5"—1) =v3(5 — 1) =2 nén d = 2. Khi d6 b = 1. Con néu b chin thi

V(5" — 1) = wa(5 — 1) + vp(5 4+ 1) +va(b) — 1 = 2+ v5(b) < 1+ b,

didu nay dan t6i 5° — 1 = 2¢ < 2. 2° chi xay ra khi b = 0, nhung lac d6 thi 2¢ = 0, mau
thuan. Tuong tu véi truong hop b = 0 ta ciing diing b dé LTE.

Tiép theo 1a truong hop d = 0. Khi d6 (17) < 1195° — 3¢ = 1, mau thudn vi VT = 0
(mod 2) ma VP =1 (mod 2).

Ta dén véi d = 1. Khi d6 (17) < 1195 = 2. 3° + 1. Dau tién, ta thit manh dan &p
dung cédc modun "gan giii" véi phuong trinh, va dé ¥ ring ord;;(3) = 5 va ords(3) = 4
nén ta thit lan lugt cac truong hgp dong du ta sé tim duge ¢ = 3 (mod 4) va ¢ = 3
(mod 5) thi ¢ = 3 (mod 20), tat nhién lic nay ta tam thoi bé qua hai kha nang nho 1a
a=0vab=0.Dbat c =20c; + 3 thi phuong trinh tré thanh

55 (11715071 — 1) =54 (3% — 1)

Dé y rang 52|32%1 — 1 va 112]320¢1 — 1 nén ta budc phai c6 a = b = 1. Bay gid ta quauy
lai khd nang a = 0,0 = 0. Néu a = 0 thi 5° — 1 = 2- 3¢, mau thuin vi v,(5° — 1) > 2. Con
v6i b= 0 thi 11 — 1 = 2- 3¢ suy ra a 1é theo b6 dé LTE, nhung lic d6 thi 11 — 1 =1
(mod 3), mau thuan vi ¢ > 2, 3|2 - 3.

LOI GIAL
Ta xét:

Néu ¢ =0 thi (17) & 22+ 1 = 1195°.

1. Néu b = 0 thi 11* — 1 = 2% V6i truong hop a 1é, ap dung bd dé LTE ta co
v9(11* — 1) = v5(11 — 1) = 1 nén d = 1, nhung khi d6 11* = 3, mau thuan. Vay a
chin, khi d6 ciing theo b6 dé LTE thi

a(11% = 1) = ve(11 = 1) + v (11 + 1) + ve(a) — 1 = 2 + vo(a) = d,

Dé dang chiing minh theo quy nap rang v6i moi m > 1 thi 2™ > m + 1 suy ra
a>wvy(a)+1haya+1>d Dodo11¢—1=2%<2.2% T trén ta dé dang suy ra
a =0 dan dén 2¢ = 0, mau thuin.

2. Néua =0thi2¢+1 =5 Tacob> 1. Néu b lé thi ap dung b6 dé LTE ta c6
v3(5°—1) = v3(5—1) = 2nén d = 2, khi d6 b = 1. Ta tim dugc (a, b, ¢, d) = (0; 1;0;2).
Con néu b chin thi ap dung bé dé LTE ta c6

0e(5” — 1) = v9(5 — 1) + va(5 + 1) + va(b) — 1 = 2 + va(b) = d,
Chiing minh tuong ty, ta khong tim duge nghiém trong truong hgp b chan.

3. Néu a,b > 1 thi 527 + 1 va 112¢ + 1. Tir 527 + 1 ta suy ra 2 || d. Tuy nhien tir
1124 + 1 thi 2 1 d, diéu nay mau thuin.
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Néu d =0 thi (17) & 3¢+ 1 = 1195°, mau thuin vi 2|3¢ + 1 nhung 2 { 1125,

Néu d = 1 thi (17) & 2-3°+ 1 = 1195°. D& dang thay ring ¢ > 1. Véi b = 0 thi
2-3°4+1=11% vivg(11*—1) = 1 nén a 1é, lic d6 11* — 1 =1 (mod 3), mau thudn. Vay
b > 1. Tuong tu ta cing ¢6 a > 1. Nhuw vay thi 11|23+ 1 va 5|2 -3¢+ 1. Ta ¢6 hai bang
sau:

¢ (mod4)|2-3°4+1 (mod?5)

W N =IO
O = DN W

Ta suy ra ¢ =3 (mod 4). Va:
¢ (mod5)|2-3°4+1 (mod 11)

WIN| =D
O| 00| | W

[\)

Do d6 ¢ = 3 (mod 5). Nhu vay thi ¢ = 3 (mod
Phuong trinh tuwong duong véi

55 (1171571 — 1) =54 (30 — 1)

0). Ta dat ¢ = 20¢; + 3 v6i ¢; € N.

Néu b > 2 thi 5 || VT, trong khi d6 5%32° — 1, mau thuan. Vay b = 1. Tuong tu thi
a = 1. T d6 ta suy ra ¢ = 3. Vay (a,b,c,d) = (1;1;3;1). Néu d > 2,¢ > 1. Ta ¢6
41324 va 5* =1 (mod 4) nén 11° =1 (mod 4). Ta suy ra a chén, tit d6 dan dén 11% = 2
(mod 3). Ta ciing ¢6 3°2¢ 4+ 1 =1 (mod 3) nén 5* = 1 (mod 3). Vay b cling chén. Ta dat
a = 2@1,[) = 2b1 (al,bl € N*) thi

(17) & (11%5" — 1) (115" + 1) = 3°2%
Vi (11“15b1 + 1) — (11‘“5”1 — 1) = 2 nén ta c6 hai truong hgp sau:

11955 1 = 24-1
ta tim duge d = 2,¢ = 1 nén 1125 = 3 x 22 + 1 = 13, mau thuan.

. [11et 1 = 2. 3¢
o Néu { thi 2971 — 2. 3¢ = 2 hay |29 — 3° = 1| Theo (2) thi

115 1 =2.3¢
thic = 1,d = 3. Taco 1195 = 3! x 224+ 1 =52 suyra b = 2,a = 0. Vay
(a,b,c,d) = (0;2;1;3).

Vay phuong trinh (17) ¢6 nghiém nguyén (a, b, c,d) = (1;1;3;1),(0;1;0;2), (0;2;1;3). &

NHAN XET. D@ giai cac bai toan dang nay, hau hét ta phai di tim modun dé dua phuong
trinh vé phuong trinh tich, tit d6 dat an phu. Trong thsi gian di dua vé phuong trinh vé
phuong trinh tich, ta nén tam thoi b qua cac truong hgp nhé. Chéang han, & vi du treén,
mudn 11t ra duge a chin thi ta phai c6 4|3-2¢ hay d > 2, ta sé bo qua v6i kha nang d < 1
dé tiép tuc di tiép v6i d > 2 coi phuong trinh c¢6 thé phan tich thanh phuong trinh tich
khong, roi tit d6 mdi bat dau quay lai xét trudng hop nho (khi phuong trinh da thuye sy
c6 thé duge dua vé dang phuong trinh tich).

.| 11mst -1 =241
e Néu { thi 2 -3°— 291 = 2 hay [3°— 292 =1 Theo (1)

21



(©DIEN DAN TOAN HOC

4.2 Mot sd bai toan khé
Sau day minh xin giéi thieu véi moi nguoi mot so6 bai toan khé ma minh tim duge trong
cac dién dan toan. Nhitng bai duéi day hau hét déu chua c6 10i gidi, hodc 10i gidi tim dudc
phai van dung nhiing tinh toan 16n.

Bai toan 5 (Iran 1998). Cho s6 nguyén duong a,b, x théa man x° = a®-b. Ching minh
a=umxb=a". A

Bai toan 6 (AoPS). Tim s6 nguyén duong a,b théa man
a) 7% —2%at + 1.

b) 6%+ 13|b* + 2b% + Tb + 2. JAN
Bai toan 7 (VMF). Tim moi s6 nguyén khong am a,b,c sao cho (1+1) (1+1) =1+
()" A
Bai toan 8 (VMF). Tim moi s6 nguyén duong a,b, ¢, d sao cho a>+b?® = 2011¢+2012¢+
74. JAN

Bai todn 9 (VMF). Tim nghiém nguyén cia phuong trinh 1+ x + y* + 23 = 1987%. A
Bai toan 10 (AoPS). Tum s tu nhién (a,b,c) théa man (2 +1)(3°+1)=c+1. A
Bai toan 11 (PEN). Gidi phuong trinh nghiém nguyén duong 10 + 2° — 3¢ =1997. A

5 Nhin lai

Qua bai viét trén, minh da gi6i thiéu v6i moi ngudi hai phuong phap chit dao trong giai
phuong trinh nghiém nguyén cé chia an ¢ s6 mi.

Vé phuong phéap st dung dong du, ta can cha y linh hoat trong viéc Iita chon modun
cho phit hgp. Déc biét, minh c6 gidi thiéu thém vé hai ki thuat chon cac modun "la". Cha
¥ rang, trong qué trinh phan tich va tim toi 10i gidi bai todn giadi phuong trinh nghiem
nguyén cé chita an & sé mi, ta dic biét nen lay dinh 1y Fermat nhé dé lam gbc ma tit do
dua ra cac phan tich c6 1i cho bai toan. Cu thé, moi ngusi ¢ thé tham khao phan phan
tich ¢ Bai toan 2, nhd dinh 1§ nhé Fermat ma ta c6 thé chon modun mot cach hieu qua
nhat, lam cho huéng di thém sang stia hon.

Vé phuong phap danh gia, ta chi ¥ ba ¥ tudng co ban trong danh gia: Sap thid tu
an; stt dung nhan xét |A| > B néu B|A v6i A, B nguyén; danh gia hai vé ctia phuong
trinh thong qua cac BDT. Hon nita, trong viec danh gia cac phuong trinh stt dung bo dé
LTE, ta chi ¥ hai danh gia co ban:

1. Néu a > j thi p?[p~.
2. Tacop"-k>h+p—1v6ih,k,pe N pnguyen tb.

Bai viét khong tranh khéi nhitng 16i mac phai, mong moi ngusi déng goép v kién qua
email: toanphamquang@yahoo.com.

Tai bat: Mot dé ¥ vui riing trong bai viét nay, c6 kha la nhiéu bai can st dung dén Vi
du 1.
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